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CHAPTER

1. Introduction

Fluid Mechanics is the study of fluids either at rdhtiqs static) or in motion (fluids

dynamics and kinematics) and the subsequent effedtgedfuids upon the boundaries
which may be either solid surfaces or intedaweth other fluids. It is worth noting
that both gases and liquids are classified as fluidsrditgpto Batchelor [8]. Fluids,

unlike solids, lack ability to offer sustained resistanca tteforming force. Thus, a fluid
is a substance which deforms continuously under att@n of shearing forces,
however small they may be. Deformation is caused bgrsigeforces - forces that act
tangentially to the surfaces to which they are appliedraling to Douglas et al. [23].

1.1 Definition of Terms[8, 55]

Some relevant fluid properties to be considered in thibysare highlighted as follows:

Pressure

Pressure is the stress at a point in a static fl@dadient in pressure often drives a fluid
flow, especially in ducts. The unit is N'm
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Temperature

This is the measure of internal energy of a fluid. thE temperature differences are
strong, heat transfer may be important. The unit is éeQedsius C).

Density

The density of a fluid is its mass per unit volume.ngy in liquids is nearly constant.

This property aids the classification of fluids as@&ittompressible or incompressible. A
fluid is termed compressible if its density riga and increases nearly
proportionally to the pressure level. Otherwise teisned incompressible according to
White [55]. The unit of density is kgt

Internal Energy

In thermo-statics the only energy in a substanclas dtored in a system by molecular
activity and molecular bonding forces. This is commatéyoted as internal energy. An
identified mass of viscous fluid may be viewed as a theymaahic system that stores
various forms of energy. Whenever any form of thisdflisi being deformed there results
an irreversible transformation of mechanical enengg internal or thermal energy. The
internal energy of gas includes the energies of traoslatotation and vibration of the

molecules as well as energy of molecular dissociadiod energy of electronic excitation
of the molecules. The unit is J ol

Specific Heat Capacity

This refers to the measure of the heat eneegyired to raise the temperature of
one gram of a substance by one degree Celsius. Therawvarélistinctly different
experimental conditions under which specific heat capacimeasured. It is measured
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either under constant pressure condition or undastant volume condition. Typical
values of the specific heat of gases are not muchrelffdrom those of liquids. The unit
is J mol*K™.

Thermal Conductivity

This is the property of fluid that relates the vectde raf heat flow per unit area to the
vector gradient of temperature. This proportionalityestssd experimentally for fluids
and solids, is known as Fourier’s law of heat conduction.

q=-kOT

The minus sign satisfies the convection thaathflux is positive in the direction
of decreasing temperature according to Kay and Crawford [B4& unit is W it K %,

Exothermic Reactions

In thermodynamics, the word exothermic "outside hegatidescribes a process or
reaction that releases energy usually in the formeatt, but it can also release energy in
form of light (e.g. explosions), sound, or electyidie.g. a battery). Its etymology stems
from the Greek prefibexo-, meaning “outside” and the Greek walgrmein, meaning
“to heat”. The concept is frequently applied in physg@Eénces to chemicaéactions,
where chemical bond energy is converted to thermaiggneat). The energy comes
from the bonds that hold the atoms together in the mt@scWhen these atoms join up
during a chemical reaction they all give out a little ditenergy. Because there are
millions and millions of molecules the energy thelygiave out adds up to make heat, a
flame or even an explosion. Many fluid materials usedvarious engineering and
industrial processes such as coal slurries, polymer sadutonmelts, drilling mud,
hydrocarbon oils, grease, etc., are very reactive. So@mmples of exothermic processes
are [2, 19] :

» Condensation of rain from water vapor

e« Combustion of fuels such as coal and ol
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* Mixing water and strongcids

* Mixing alkalis and acids

» The setting of cement and concrete

* Most polymerization reactions such as the setting okepesin

* Thermite reaction

Viscasity

A fluid at rest cannot resist shearing forces and ihdocces acts in a fluid which is in
contact with solid boundary, the fluid will flowver the boundary in such a way
that the particles immediately in contact witle boundary have the same velocity
as the boundary while successive layers of fluid partdlehe boundary move with
increasing velocity. Shear stresses opposing tkivee motion of these layers are
set up and their magnitude depending on the velocagdiegnt from layer to layer.
For fluids obeying Newton’s law of viscosity, taking tdgection of motion as the x-
direction and U as the velocity of the fluid in thalirection at a distance y from the
boundary, the shear stress in the x-direction is goye[®5]

I, = iU—
dy , Where the constant [ is called coefficient afaiypic viscosity

The ratio of the coefficient of dynamic viscosityrt@ass density is called the kinematic

viscosity,v.

v=H
P.

The viscosity property of fluids aids the classificataf fluids into either Newtonian or
non-Newtonian fluids. The unit of dynamic viscositkgan's™.

Viscosity is associated with collective currents ety momentum from one region of
the fluid to another. Consider a fluid where thereniddition to thermal agitation of the
molecules, a collective movement or current of thHeol fluid for example, water

running in a canal or pipe under a pressure difference.tinaally viscosity is regarded,
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as the most important material property and any prdcstady that requires the
knowledge of fluid response would automatically turn to basic understanding of
viscosity. In general, the Newtonian model describeghbelogical behavior of fluids.
The Newtonian model is simply a special case withrestamt viscosity and viscosity is
strong deformation of fluids. It is the key factor determining the amount of fluid
flowing in channels. It also helps to determine whetlmer flow regime is laminar,
transitional or turbulent. Accurate knowledge of visgos very useful for computation
of the pressure, velocity and temperature within the aann

Viscosity also helps to describe the flow behaviorhefas stress with respect to the rate
of deformation of the fluid. In general the applicationvidgcosity includes reservoir
modeling, in which production rates and mobility for wateodling plays a major role.

Factors that affect viscosity will be discussed inrtbgt section

Temperature-DependeMi scosity

The effect of increasing the temperature of a fluidiseduce the cohesive forces while
simultaneously increasing the rate of molecular ingamgle. The former effect tends to
cause a decrease of shear stress, while the latt&saats increase. The net result is that
liquid shows a reduction in viscosity with increasing tempeeat For instance most
lubricants used in automobile have a dynamic viscosity 695Pas at 4C and
0.0097Pas at 100, the operating oil viscosity being taken as 0.015Pas pomdag to

an effective operating temperature of@1Shear rate in the lubricant will thus be in the
range 4 X 10 s* to 1.3 x 1¢ s*. Such shear rates would certainly cause shear thinning
effects in a multigrade lubricant [25]. Unlike liquids r fowhich many different
temperature-dependent viscosity equations exists only mam laws describes the
response of gas viscosity to temperature, theey power law and Sutherland law.
Table 1.1.1shows different viscosity models.
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Table 1.1.1.:Viscosity-Temperature Equations as in the literat[2&, (23, 34]), a, b, C

are constants], is a reference temperaturg, is the viscosity afl, and v, is the

kinematic viscosity af, .

NAME EQUATION
Sutherland _ (T /TO)% (T, +C)
T+C
Power Law U= (-|- /TO)”
Reynolds 1 =be
Slotte U= a
(b+T)°
Walther 4=+ bd%c
Vogel b
H=ae™ ¢
Arrhenius Type 7\ (E]
M= :uo(_j e
TO
Williams-Landel-Ferry -
|Og ﬁ - _ Cl(T TO)
My C,+T-T,

The First Law of Thermodynamics

The first law of thermodynamics is a statement hef tonservation of energy. This
states that energy can be neither created norayesty it just changes form. The fist
law of thermodynamics defines the internal energyaastate function and provides a
formal statement of the conservation of energy. elav, it provides no information

about the direction in which processes can sponissig occur, that is, the reversibility
aspects of thermodynamics processes. For examglenmot say how cells can perform

work while existing in an isothermal environmertt.gives no information about the
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inability of any thermodynamic processes to convezat into mechanical work with
full efficiency, or any insight into why mixturesaonot spontaneously separate or
unmix themselves. An experimentally derived priteifp characterize the availability
of energy is required to do this. This is precisétg role of the second law of

thermodynamics that will be explained next.

The Second Law of Thermodynamics

Although a spontaneous process can proceed ordydefinite direction, the first law
of thermodynamics gives no information about digectit merely states that when one
form of energy is converted into another, identigabntities of energy are involved
regardless of feasibility of the process. In tlagard, events could be envisioned that
would not violate the first law of thermodynamiesg., transfer of certain quantity of
heat from a low-temperature body to a high-tempeeabody, without expenditure of
work. However, the reality shows that this is impbte and the first law of
thermodynamics becomes inadequate in picturizing ¢bmplete energy transfer.
Furthermore, experiments indicated that when enardiie form of heat is transferred
to a system, only a portion of heat can be condeidevork and is usually to converted
to work.

The second law of thermodynamics establishes tffereinces in quality between
different forms of energy and explains why somecpsses can spontaneously occur,
whereas other cannot. It indicates a trend of chaagd is usually expressed as an
inequality. The second law of thermodynamics hasnbeonfirmed by experimental
evidence like other physical laws of nature.

The second law of thermodynamics defines the furdaah physical quantity entropy
as a randomized energy state unavailable for doentversion to work. It also states
that all spontaneous processes, both chemical #ysigal, proceed to maximize
entropy, that is, to become more randomized anderenergy into a less available
form. A direct consequence of fundamental imporgans the implication that at
thermodynamic equilibrium the entropy of a systenat a relative maximum; that is,

no further increase in disorder is possible withobdnging by some external means

Entropy Analysis of a Reactive variable Viscosity Channel Flow Kobo N.S



(such as adding heat) the thermodynamic stateeofystem. A basic corollary of the
second law of thermodynamics is the statementttigasum of the entropy changes of a
system and that of the surroundings must alwaypds#ive, that is, the universe (the
sum of all systems and surroundings) is constraindzecome forever more disordered
and to proceed towards thermodynamic equilibriunthwsome absolute maximum
value of entropy. From a biological standpoint tlsiscertainly a reasonable concept,
since unless gradients in concentration and tertyrerare forcibly maintained by the
consumption of energy, organisms proceed spontatedwwwards the biological
equivalent of equilibrium-death.

The second law of thermodynamics is quite gendflalever, when intermolecular
forces are long range, as in the case of partiokesacting through gravitation, there
are difficulties because our classification intotegsive variables (proportional to
volume) and intensive variables (independent ouwad) does not apply. The total
energy is no longer proportional to the volume.t&oately gravitational forces are very
weak as compared to the short-range intermolectdaces. It is only on the
astrophysical scale that this problem becomes itaparThe generality of the second
law of thermodynamics gives us a powerful meansiriderstand the thermodynamic
aspects of real systems through the usage of slesiems. A classical example is
Planck’s analysis of radiation in thermodynamic ielguum with matter (blackbody
radiation) in which Planck considered simple harmascillators not merely because
they are good approximations of molecules but beedbe properties of radiation in
thermal equilibrium with matter are universal, netiass of the particular nature of the
matter with which the radiation interacts. The dasmmns one arrives at using idealized
oscillators and the laws of thermodynamics must &s valid for all other forms of
matter, however complex. What makes this new stat¢nof the second law of
thermodynamics valuable as a guide to energy polcyhe relationship between
entropy and the usefulness of energy. Energy ig meeful to us when we can get it to
flow from one substance to another, e.g., to watm@se and we can use it to do work.
Useful energy thus must have low entropy so thatsdcond law of thermodynamics

will allow transfer or conversions to occur sporgausly.
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ENTROPY

The thermodynamic irreversibility in any fluid flowqwess can be quantified through
entropy analysis. The first law of thermodynamicssimply an expression of the
conservation of energy principle. The second law ofntlbelynamics states that all real
processes are irreversible. Entropy generation is a umeasf the account of
irreversibility associated with the real processeseAisopy generation takes place, the
quality of energy (i.e. exergy) decreases. In ordgréserve the quality of energy in a
fluid flow process or at least to reduce the entropy igeio®, it is important to study the
distribution of the entropy generation within the fluidurae. The optimal design for any
thermal system can be achieved by minimizing entropy géoerin the systems.
Entropy generation in thermal engineering systems destaowilable work and thus
reduces its efficiency. Many studies have been publishedssess the sources of
irreversibility in components and systems. Bejan [9] studiee entropy generation for
forced convective heat transfer due to temperature graahentiscosity effect in a fluid.
Bejan [10] also presented various reasons behind entrogyagem in applied thermal
engineering where the generation of entropy destroyavagable work, called exergy,
of a system. The general equation for the entropy gaaarper unit volume is given by;
k

m_ U
S _ﬁ(DT)ZJ’ﬁCD'

The first term in the equation is the irreversibililye to heat transfer and the second term
is the entropy generation due to viscous dissipation.

Over the past 50 years our view of nature has dthmyastically. Classical science
emphasized equilibrium and stability. Now we seactilations and instability,
evolutionary processes on all levels from chemistnyd biology to cosmology.
Everywhere we observe irreversible processes ictwtime symmetry is broken. The
distinction between reversible and irreversible gesses was first introduced in
thermodynamics through the concept of “entropy”.

In the modern context the formulation of entropy fisr understanding the
thermodynamics aspects of self-organization, evwarudf order and life that we see in
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Nature. When a system is isolated, energy incradsbe zero. In this case the entropy
of the system will continue to increase due toversible processes and reach the
maximum possible value, which is the state of tleymamics equilibrium. In the state
of equilibrium, all irreversible processes ceaséheW the system begins to exchange
entropy with the exterior then, in general, it isvdn away from equilibrium, and the
entropy producing the irreversible processes begitperate. The exchange of entropy
is due to exchange of heat and matter. The entitopyng out of an adiabatic system is
always larger than the entropy flowing into thetews, the difference arising due to
entropy produced by irreversible processes withengystem.

The internal energy of the system is randomly thsted as kinetic energy at the
molecular and sub molecular levels and as energgceéged with attractive or repulsive
forces between molecular and sub molecular entisch are moving closer together
or further apart in relation to the mean separatidns energy is sometimes described
as being ‘disordered’ as it is not accessible askwbthe macroscopic level in the same
way as is the kinetic energy or gravitational pttdnenergy that an entire system
possesses owing to its velocity or position in ghavitational field. Although energy is
the capability to do work, it is not possible dilgdo access the minute quantities of
disordered energy possessed at a given instanthéyvarious modes of energy
possession of the entities so as to yield mechbsiedt work on the macroscopic scale.
The term ‘disorder’ refers to the lack of informaat about exactly how much energy is
associated at any moment with each mode of enesgggssion of each molecular or
sub molecular entity within the system.

Channel Flow

Channel flow constitutes a very important classleivs in fluid mechanics due to its
numerous applications in biological and engineedgggtems. As a result it is important
that we study the characteristics of this flow. We particularly interested in how the
flow pattern is modified by the effects of changimgcosity. The viscosity of many
fluids varies with temperature e.g. physiologidalds such as blood, various lubricants
used in engineering systems like polymer solutionsneral oils with polymer
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additives, etc. this variation in the fluid visaysdue to temperature certainly affects
the flow characteristics. In this respect we slealhsider two types of channel flows,
namely Poiseuille flow and Couette flow.

Poiseuille flow is flow between two parallel statary plates due to an imposed
constant pressure gradient. Its general charatteissa parabolic axial velocity profile.
Couette flow is considered with the effect of visitp due to temperature changes on
the lubrication that occurs between two moving gdabr between a fixed plate and a

moving plate.

1.2 Literature Review

The study of flow of a reactive variable viscosity flaidd heat transfer has gained more
attention because of its wide applicability in lubrioatiand tribology, food processing,
instrumentation, bio-sciences, lava flows and viscometfe first viscous fluid flow
treated in the classical book by White [55] is the stefdmly between a fixed and a
moving plate (Couette flow). Unlike Couette flow which isneal after Maurice Couette
and refers to variety of flows driven by differentiahgential motion of enclosing walls,
Poiseuille flow is named after J.L.M. Poiseuille as@gsociated with rectilinear pressure
driven flows in stationary conduits. Many research ksohave been conducted on
these two flows (see examples, [3, 11, 22, 24, 36-38]arge number of reports of
investigations has been documented on constant mysc®proximation problems,
[2, 11, 39, 40]. Adler [2] investigated the critical values @fgmeters for steady,
reactive, viscous, one-dimensional flow of an incomplbésshomogeneous Newtonian
fluid between two parallel heated walls. The equationsfloez were solved for
Bimolecular, Arrhenius and Sensitized temperature depeedeases. It was observed
that the critical Frank-Kamenetskii and maximum temjpeeaare decreasing functions
of the exponent while transition activation energy peir is a monotonically

increasing function of the exponent.

In the classical system of the thermal boundaryerla the kinematic viscosity is
assumed to be constant, however experimentcaidithat the assumption only
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makes sense if temperature does not change rdpidihhe application of interest.
However, it has been noted that viscosity may chantfe temperature (see [21, 26, 34,
48, 50]), therefore, to predict more accurately the flovucstire in industrial and
engineering processes, it is necessary to considewahiation. Several temperature-
dependent viscosity variation models have been presentédbie 1.1. Yurusoy et al.
[56] considered the flow of a third-grade fluid in a pipghwheat transfer. Constant
viscosity, Reynolds’ and Vogel's model viscosity caseg #reated separately.
Approximate analytical solutions are presented for east gaing perturbation. Criteria
for which the solutions are valid are determinted dimensionless parameters
involved. Makinde [41] examined laminar falling liquid film witvariable viscosity
along an inclined plate. A steady flow is assumed ancolpled nonlinear equations
were solved by the method of perturbation series suramatid improvement technique.
It was observed that an increase in the value o&bkriviscosity parameter signifies a
decrease in fluid viscosity and an increase in value atkBran number. It was also
noted that bifurcation point changes and tends to zeroeafiuid viscosity decreases.
Viscosity variation in a reactive flow also playsery important role in the study of lava
flows. Costa et al. [19, 20] examined viscous heating effiectluids with temperature-
dependent viscosity. They considered magma as incompeeasid homogeneous fluid.
They employed the Arrhenius type viscosity model but apprated it by (Nahme’s or
Reynold’s) exponential law. They investigated the floman inclined slab between two
parallel boundaries. They observed that viscous heatingsgonsible for increase of
temperature near the walls with consequent local vigcdsirease. They also suggested
the possibility of the formation of local flow instabés at low Reynolds’ number. In
petrochemical industries and petroleum refineries, studilded to thermal ignition
criticality and heat transfer in a reactive variableossty fluid are extremely useful. To
this effect, Makinde [44] investigated the effect of Fran&ménetskii and viscous
heating parameter on thermal ignition of reactivedBuin a saturated porous medium.
The Arrhenius type viscosity-temperature equation was eyegl The governing
equations were solved using regular perturbation methods vegnwith Hermite-Pade
approximation techniques. It was observed that viscous geatimnces thermal ignition
and steady flow of combustible fluid at low viscosityder Arrhenius kinetics ignites
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faster than that at high viscosity. The fluid tempeariocreases with increasing values
of viscous heating parameter. It was also observed ahammbustible fluid at low
viscosity flows faster than the one at high viscosity.

Furthermore, in a flow system, the hydrodynamic losaesbe attributed to the frictional
and local losses associated with the flow path chanfes.hydrodynamic losses are
irreversible and result in entropy generation in the fiystem. Consequently, entropy
generation gives insight into the amount of losses, wtake place in the flow system.
Entropy generation and minimization were investigated QgrBE, 10]. He showed the
fundamental importance of entropy minimization foraét processing. The second law
analysis of combined heat and mass transfer in intanthéxternal flows was considered
by Carrington and Sun [15]. They introduced the entropye@ion, which could be
used for internal and external flows. Heat transfer antropy generation for a gravity-
driven, non-Newtonian Ostwald—deWaele power-law, liquidn filong an inclined
isothermal plate was discussed by Makinde [42]. Entropyergéion in a vertical
concentric isothermal channel with temperature-dependscosity was considered by
Tasnim and Mahmud [53]. They indicated that the maximum weiliien entropy
generation is largely influenced by the fluid viscosity iatgon. The local entropy
generation due to pressure gradient-assisted viscous flovedretwo parallel stationary
plates when the plates are subjected to convectivadasy conditions was investigated
by Ibanez et al[33]. They concluded that a minimum entropy generation cate be
achieved for certain combinations of the Biot number. RceMakinde [45, 46]
investigated the effect of variable viscosity on thernmaaiyic irreversibility that occurs
in plane Poiseuille flow with convective cooling a¢ tiwalls. He reported that a decrease
in fluid viscosity enhances the entropy-generation rab@ewhe dominant effect of heat
transfer irreversibility near the channel walls dases with an increase in convective

cooling.
The present study sets out to investigate the inherenensibility in a reactive variable

viscosity fluid flow in a channel under physically reasoaadsumptions regarding the
practical application in construction of engineering ardustrial devices.
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1.3 Problem Statement

In the industry, issues like productivity and competitivemegsire engineering solutions
which heavily relies on mathematical models. Theeefois a major goal for the industry
to understand the fluid behavior and heat transfer a@tyrnat order to predict the flow
regime of a reactive variable viscosity fluid. In ortiehave a clear understanding of the
fluid dynamics in channel flow with two fixed parallel wgabr with one wall fixed while
the other wall is subjected to a uniform motion, it &@wimportant to incorporate the
heat transfer character of the fluid since this pyery significant role in handling and
processing of the material. In this project, a theakframework will be developed that
would predict the nature of a reactive variable viscdsity film flow with heat transfer

in both an open and a closed channel.

1.4 Aim of the Study

This study aims to investigate theoretically theidldynamics of a reactive variable

viscosity thin film flow and heat transfer in theannel flow system.

1.5 Objectives of the Study

To develop a mathematical model for a reactive varmisleosity thin film flow and heat
transfer between (a) a fixed and a moving pl@ietwo fixed parallel plates.

To determine the effects of various embedded parameterdotm velocity and
temperature profiles in the system.

To determine the effects of various embedded parameterge@ntropy generation rate
within the flow system. To provide a theoretical b&seoptimizing the efficiency of
engineering devices and systems whose operation reliegeaci@ve variable viscosity

channel flow.
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FLUID MECHANICS EQUATIONS

The following symbols are used in deriving fluid dynamics eqoatbelow:

p =fluid density

t =time

g = velocity vector

e=internal energy per unit mass
® =dissipation function

T =fluid temperature

p = fluid pressure

v = kinematic viscosity

C, =specific heat at constant press
k = thermal coductivity
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2.1. CONTINUITY EQUATION

In a continuous fluid motion, if we consider a surf&dixed in space containing a
volumeV, it is clear that the increase in the mass of lind that flows in the system is
the same as the mass of the fluid that flows out.m&ss of the fluid within the system is

'[pd\/ (2.1.2)
The rate of increase of the mass within the surifagéven as
0

9p
—|,odv=|, —adv . 2.1.2
[ odv=[ v (21.2)

Consider the following diagram and the fluid withihe surface,

SO,

_/
v v

Fluid flowing in Fluid flowing out

=5
Oy

Fig. 2.1.1Flow continuity diagram

SinceV does not vary with time. The rate of flow througis

[ s@mpds=[,00pg)dv (2.1.3)
Thus
fvz—fdw—fvﬂ Qog)dv (2.1.4)
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Iv%—deﬂLJ'vD [{pg)dv=0 (2.1.5)
jv@—f+div(pd)jdv=0 (2.1.6)

This is valid for any arbitrary volume V, the intagmust identically vanish. Thus, we

obtain

0p

< Hdiv(on =0 (2.1.7)

Equation(2.1.7)is called continuity equation for any fluid anc#@n be written as

%—f+pdivq+(qﬂﬂ)p:0 (2.1.8)
. D .
.e. —+ podivg =0 2.1.9
of TPV ( )
where,
R:i+q’[ﬂ]
Dt ot

is the material derivative, which represents défgration following fluid motion. For

incompressible motion we have

divg =0 (2.1.10)

q=(u,v,w)

then equatiori2.1.10) reduces to
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ALY (2.1.11)

For 2D flow we usually write

u, v_g (2.1.12)
ox 0Xx

In this case, we define the stream functjoby:

u:%—w and v=—a—¢/

y 0x
This equation satisfies the continuity equation:
Ux+t Uy = (Uy)x+ (—¢x)y=¢0y»—WWxy=0
Now if the flow is irrotational then,
xg=0

This implies that there exists a scalar functgosuch that

ol
I
|

(|
S

In two dimensions we have

From(2.1.12) we notice thaty satisfies Laplace’s equations:
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2

(o3}

2
oe,
ox?

S

2:0

y

(3]

2.2.LINEAR MOMENTUM EQUATION

Consider a small parallel piped of volumé = dx, xdx,xdx,, isolated instantaneous
from the fluid element with centdix, x,,X;) . We shall denote by; the stress acting in
the X direction on the surface whose normal lies in the direction. The stress

componento,,, g,,, 0,5, etc., form a second order stress tenrgpr

Ull 012 013
l.e. 0, =|0y Oy Oy (2.2.1)
031 032 033

This is called the stress matrix. The componesifsare the normal stress while the
componentss; ., are shear stresses. The stress tensor is symnidteicorresponding

stresses as the center of the face perpendicubgr to

1do;
uts 6)(11d 1

100,
255 9 (2.2.2)
13'*'260-13 1

2 0%

These are obtained from Taylor expansions of the form:
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1
0y, (dx, X, X5) = 04X, X , X Q+E% dx +O(dx?) (2.2.3)

At the centre of the opposite face, the corresponstiegses in the, direction are:

1d0,,
g.——
11 2 axl
_260—12
%o w0 (2.2.4)
Ulg_iaalg
2 0x

dx,

dx,

The stresses on a pair of opposite faces may be eomed into

do:.
xil dx,dx, dx,,

00,
—6x2 dx, dx, dx,, (2.2.5)
o,

0
5 X:3 dx, dx, dx,

acting at parallel tq0x,, Ox,, 0, ). The stress on the other two pairs opposite forces may
be compounded into similar forces @, x,,x;). The resultant force irx, the direction

becomes

21+

00, +60 00,
ox,  0X,  0X,

j dx, dx,dX,. (2.2.6)

If X, Y, Z are the forces per unit area due to variatbstress alon{px ,0x,,; ), then

60’11+60' 0o, _00,,
ox  0X, O0X; 0Xx,

X =
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y =99 005 - (2.2.7)

Generally we denote the body forcesby (F,,F,,F;)=F,i=12,% In this case, the

equation of motion are:

oo,
oY 9% ¢ (2.2.8)
ot dx,

In tensor notation we havg=(U,U,,U,;)=U,,i=12,7:ie., the velocity vector. It is
convenient to regard the stregs as the sum of inviscid partpd; and a viscous part

o, wherep is the average of the three normal stresses foodhggonal set of axes
g.
p=24 :%(0’11+0'22+0'33) (2.2.9)

1

where g; is the substitution tensor. Now separate the sietemsor% as follows,

0X;
U, 1£6Ui anj 1{aui anj
== + +=| —L+ ,
ox, 2{0x, 0x 20 0 0%
1 1
:qu +Eyij, (2.2.10)

g; is the symmetric tensor whilg; is the anti-symmetric rotational tensor definig t

velocity of the motion. In uniform media viscousrestses are induced only by

deformation and not by rotatiog is called rate of strain tensor. It representsréte of
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change in the size and shape of a fluid element. lifkar momentum equation now

become

p%:p%‘jﬂquﬂ)q:—mpmwa (2.2.11)

In a Cartesian coordinate system, the second ternneom.h.s. of equatio(R.2.11)is

written:

2 2 2
Nwr=| | 29 0V, 0ufd0, [ 0U;) 0, L0Adu | ;5 0
OX. ¢ g X. g OX. X. g
oxox, 0x> | ox | 0x,  0x ox0x,  0x; 0x

Any additional simplification of Ol would require further assumptions or

approximations.
2.3 ENERGY EQUATION

In order to derive the energy equation, we need to camidezeroth and the first law of

thermodynamics.

2.3.1 THE ZEROTH LAW OF THERMODYNAMICS

There exists the temperature T such that when two magsteat are in contact are in
thermal equilibrium, then T is the same in both gysteT is called the absolute

temperature.
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2.3.2 THE FIRST LAW OF THE THERMODYNAMICS

This expresses the principle of conservation of energyhwsiates that there exists a
variable of state, E, such that if a system is trangfdrfrom one state of equilibrium to
another by the process in which an amount of work, W, e @ the system from the
surrounding and the amount of heat, Q, is added to wtemyfrom the surroundings,
then the difference between the initial and final valoesnergy of the systemg& and
E, is given by

E,-E =Q+W, (2.3.2.1)

In differential form we have

dE = dQ +dW, (2.3.2.2)
or
9E _dQ, aw (2.3.2.3)
dt dt ot

In order to determine the work, we consider the firsttrdaution from the component

o; of stress. The work in unit time is given by

OWTw) _ iz) Uo, {U +5_dej(%%dxj (2.3.2.4)
ot 0x 0x

The total work done by the stress per unit mass on defgretements of fluid is given
by

19(gV)) :_1[6% vo Y j (2.3.2.6)

p o  20ax Vox

Where g; is the stress acting in the on the face whose normal lies in the direction.

From the equation of fluid motion, we have
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U, _a(g)

2.3.2.7
ot 0X, ( )
and hence
o) _ . au _pdUU)
uU. i/ — _ i =~ i~
T Ma T2 a (2.3.2.8)

This is clearly the change in kinematic energyheffluid element following motion. The
remaining term in equatiof2.1.3.2.8)represents the rate of dissipation of energy pér u

mass. Substitutingr; =-pJ; + ue

U, oU. (U AU,
ow _100Y) _p, U, 8 (Y, 9V, (2.3.2.9)
o 2 o  p "ax o ox | 0x Ox
But
2, o, _
Tax  ox

It is clear that only viscous forces and not presstorces contribute to energy

dissipation. Define the energy dissipation functoby

(9u. dU. - au Y
o=0Yi(0V, 9Y;) _1fou,  oU; (2.3.2.10)
ox, \ 0%, OX 2{ 0x  0x%

Showing thatb > 0 and we have,

‘L_Vtv :%%(uiuj)wcb (2.3.2.11)

Similarly the heat transferred to the system fréw $urrounding is Q. We shall neglect
the transfer of heat by radiation and consider oimy by conduction. If we consider the

element of the volumedV = dxdydz of the massodv and the change in kinetic energy

of an amount
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d{% pAV(UZ +U2+U )} (2.3.2.12)

and neglecting change in potential energy, we Hae

2 2 2
9E _ pqv )98, 14U +U,+U,) | (2.3.2.13)
dt a2 dt

where e is the thermal energy per unit mass.

2.3.3 FOURIER CONDUCTION

This law states that the heat flux per unit area and time is proportional to the
temperature gradient, i.e.,

_ 16Q__k6T

— (2.3.3.1)
A ot on

or,
q-kOT

wherek is the thermal conductivity. The negative signngigs that the heat flux is
reckoned as positive in the direction of tempematgradient (i.e. heat flux is in the
direction of decreasing temperature). Hence theuamof heat transferred into the
volume dVthrough surface elements which are normal to ttieection is equal

(—ka—Tjdydz, (2.3.3.2)
on

The amount of heat leaving the volume is given by
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ka—T i(ka—-rjdx dydz, (2.3.3.3)
ox ox\  o0x

Thus the amount of heat added by conduction in the diredtioing timedt to volume
dvis

a2 (kf’lj
ox\ 0x

Hence, the total amount of heat added in all direct®gs/en by

9Q._ dv{ (ka—Tj i[kaTj a(ka—TH (2.3.3.4)
ot ox\ ox) oyl ody) 0z\ o0z

Using equation$2.3.2.13)and(2.3.3.4)we obtain

p%:i(km—j i kaT i(kaTj +ud (2.3.3.5)
ot ox\ ox) oy\ o9y ) 0z\ o0z

where,

2 2 2 2 2 2
D=2 (6Ulj N oy, +(6U3j N 6U1+6U2 N 6U3+6U2 +(6U1+6U3j
0x ay 0z dy  Ox dy 0z 0z 0X

Equation(2.3.3.5)holds for an incompressible fluid with constant thdroaaductivityk.

For perfect fluid,

‘;‘: c, d (de C,dT) (2.3.3.6)
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,oCV(jj—I =KkOT + b

27

(2.3.3.7)

This is the energy equation whe@; is the specific heat at constant volume. Equation

(2.3.3.7)can be written as

o, (‘;—}(q DD)TJ = KT + 110

Where® is small relative t@CV(jj—-[, equation2.3.3.7)becomes

a_T :LDZT :KDZT ,
ot  pC, o
where
o= HC, is the Prandtl number

k

In rectangular coordinates, equat{@:3.3.9)reads:

oT . AT oT 6T_U[62T 0°T a"“rj
+ + +

9 iy, vy, vy, 2
ot tox oy ‘9z ol\oxd ay* 072
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2.4. GENERAL FORM OF THE SECOND LAW
THERMODYNAMICS.

The first part of the second law postulates a thermaohyc state variable, the entropy,
defined by

(dg),,, =Tds

as
o= D o

This definition was originally for a simple, closed syst where(dq),,, is the reversible

heat transfer that crosses the system’s boundary andh& absolute temperature of the
surrounding medium at the boundary. Form this definitiow ahe first law of
thermodynamics, the relation for a closed system

Tds= dh—@

is obtained. This equation can be extended to an opemsggterriting it as
_qn_dp -
Tds=dh-—->"f1,dy, (2.4.2)
P 7

If h andp are held constant, therw, /T provides the entropy change associated with the
unit compositional changely, in speciest. Thus, the chemical potential enables us to

consider mass transfer across the boundary as wetimpgositional changes within the
system. This extension is essential if chemical ir@ast phase changes, or diffusion are
present. Moreover, the heat transfer in equg@oh 1)is now not restricted to conduction
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but may encompass any reversible heat transfer praoeksling mass diffusion,

chemical reactions, and the transport of radiatiw¥gn

2.5 DERIVATION OF THE PRODUCTION OF ENTROPY

For the thermodynamic system, we utilize an infimited fluid particle that moves with
velocity U but may have diffusional fluxes at its bowyddn this circumstance, we can
r]

eplace the thermodynamic derivatives in equafihd.2) with the substantial derivative

to obtain

Ds_Dh_1Dp_v, DY (2.5.1)
Dt Dt pDt < Dt
We now use the general form of the energy equatiien,
p%f:%—m[qm’ (2.5.2)
without the over bars, to eliminafeh/Dt and the following relation
p%:pcoa—mja,azl,...,N (2.5.3)

Dt

to eliminateDy, /Dt with the results
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Ds_1(Dp 1Dp - 1 -

T=2| 2P _OE+o |-=—P- Ay

> p(Dt " j P WACEELLR
or

Ds 1 _o. - -

pa=;(¢—02mwg—ﬂ[ﬂi+2uﬂ[}aj

This relation provides the rate of change of entropa fluid particle, where part of this
change is due to the transport of entropy of alfadgross the system’s boundary, as given

by(dd),.,/T . In order to focus on entropy transport, in costtta energy transport, we

replaced byg". This alteration is conveniently accomplished iy tightmost two terms

in the above equation as
~0m+Y 2,00, =-0 E€GD+Z[1HLJ+Z i, 4,

:_D mD_ZTa D]:Iﬂa _Zﬂal:' |j.a +Zﬂa|:| |j.a

=-0§"-) j, 7,0 (2.5.4)
to obtain
Ds 1 . 1
o lp- 7+ i) |-=0mC 2.55
P o T{ EH (o, + |, ug)} = (6 ( )

In equation(2.4.1) the temperature is that of the surface of théesysinlJ EjD/T, the
temperature is that of the interior of the fluidrtpde; hence, this term igot the
counterpart of(dq)er/T. We observe that the quantity we seek is providgdhe

surface integral
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REESE

where Jsis the surface area of a fluid particle. By using tHiewang equation

S 1.
OL[A= — | nCAds (2.5.6)
IcIYVAO JVJ.

we have

~0

G .1 (T
—|= — — 257
D[ETJ |(!va0 ijﬁsn[Tde (2.5.7)

Thus, [ quD/T) corresponds to the entropy transport into or out op#récle. From the

definition of G”, i.e., the following equation
= ~ - —
G =—4k0T+> (N, — ) is *+Cr (2.5.8)

we observe that the heat conduction, mass trarefdrradiative heat transfer contribute
to the entropy transport, but that viscous effemtsl chemical reactions do not. As
observed in the previous section, the mass tranef@ribution is associated with entropy

flux

%Z(ha—ﬂa)Ta =>'s,1, (2.5.9)

when £, is replace by

f, =h, -Ts, (2.5.10)
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We introducel] quD/T) into equatior(2.5.5)by means of the identity

g’)_1 0,01 _1__o 1_g
O |==0@"+§ . 0===00"-—g§"mT
%Tj T o+ T T q T2q
to obtain
1 g~ 1
tomt=-o -t stmT 2.5.11
T - T T2 ( )

With these relations, equati¢®.5.5)becomes

=0

Ds
=Sopg -OE- 2.5.12
PO PSn - ( )
where the rate of entropy production, per unit waduof the mixture, is given by

ps, %{@ —;1 T - pityia, + ], Dﬂﬂa} (2.5.13)

Our presentation of the first part of the secomd, lahich started with Equatiof2.4.1)
has culminated in Equatio®.5.12)and(2.5.13) The second part of the law states that

S =0 (2.5.14)

for a reversible process and

. >0 (2.5.15)
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for an irreversible process. Although), is nonnegativeDs/Dt can be negative, since

the divergence term in Equati¢2.5.12)can have either sign.

2.6. DISCUSSION

The rate of entropy productiors,,, represents the irreversible processes that occur

within a fluid particle. Hence, the entropy changes dueteynal processes and entropy
transport into or out of the particle. With the assise of the methods discussed in

transport theorem, Equation(2.5.12)can be written as
D N e
ajv psav = IV PS, dv J‘Sn[?j ds (2.6.1)

By way of illustration, consider a mixture of therigglerfect gases that are diffusionally
mixing. With this as the only process we have

a’=>(h,-1)i, =TD s, I, (2.6.2)

or

g -
T > s, 0a (2.6.3)

where Equatiorf2.1.5.10)is utilized. Consequently the[], appearing in the rightmost

term in Equatiorf2.1.5.13)now reduces to

%[—%*DDDT—ZL Dﬂﬂa}—ﬂzsﬁa mT +3 7, M(h, —Tsa)}

=>Ta [émsa —%Dhaj (2.6.4)
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Thus, a dot product involving, appears in each of the terms on the right-hand side of

Equation(2.6.4) The first of these, however, is internal to tgetem, whose volume is
V, whereas the second one is evaluated on the bountidng system.

Viscous effects and chemical reactions enter throbghnd w,, respectively, and are
internal processes that appear only $n. Evidently, the contribution of viscous
dissipation tos,, is zero when bothzand 4 are zero or when the velocity gradient is
zero. The contribution from reactions is zero whea ftow is chemically frozen, i.e., all
w, are zero or when the reactions are in equilibriunwhich case the suriﬂgcog IS
zero. Conduction heat transfer, radiative heat transfedl mass diffusion, through,
appear in bothg, and in DquD/T). The analysis has not ruled out body forces or

restricted the acceleratio@U/Dt, in any manner. A purely accelerative inviscid flow or

the work due to a body force does not result in any (irséive) production of entropy.

2.7. HEAT TRANSFER

Becauseq is not a state variable, we writdd,, /dt as ¢, rather than adDg,,, /Dt

when following a fluid particle. Thus, Equati¢24.1)can be written as

Ds _
T—=4 2.7.1
o e (2.7.1)

and T(Ds/dt) represents the amount of heat gained, per uné aind per unit mass, by a

fluid particle undergoing a reversible process. @ynparing this result with Equation
(2.5.12)we have

~0

§.=—od (2.7.2)
p T

for a reversible process, whege =0. This relation is not equivalent to
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dg = —v(0 m)dt, (2.7.3)

which holds for an irreversible or reversible pr@ceka closed, simple system.

For a general proces$(Ds/Dt) still represents the heat transfer to a fluid partidle.
see from Equatiorf2.5.12) that the heat gained is due ¢ and g".it is tempting to

partition the heat transfer between reversible iamdersible contributions, as was done

with the work. i.e.,
dW = —pdv + vddt (2.7.4)
Such decomposition however is not justified, as ¢@n seen from the following

argument. Consider a process consisting solelgr@fersible conductive heat transfer. In

this case, we have

Ol
O
1
Kol
1
5
—

which appears in both th&, term and the divergence term on the right sideopfation
(2.5.12) Appearing, as it does, in both terms, the heatstfier § cannot be split into both

a reversible and irreversible component.

2.8. SECOND LAW FOR A VISCOUS, HEAT CONDUCTING FLOW

We suppose that only viscous stresses and condulogiat transfer are present. In this

circumstance, Equatior2.5.12)and(2.5.13)become

Ds
S_ps o 2.8.1
P o= Pe TOE (2.8.1)
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qumj (2.8.2)

where ¢ is now the conductive heat flux. If we further as® Fourier's equation and a

Newtonian fluid, we have

Ds K
— =ps +00—0T 2.8.3
o2 s, oo | 283

.1 K 5

Whered is provided by the following Equations
& =2u 00, +4u @, + D5+ 05)+ A0, )’ (2.8.4.1)

or

2

3 2 2 2 3 2
o ZZ{anj +[aul+au2j +(auuausj {%J&j ”'[Z%j
i=1 X

0X ox, 0x 0X;  O0X, 0X, O0X, =

(2.8.4.2).

The second law requireg >0 for any realizable process. By detailed balancthg;

must hold individually for the heat transfer and tiiscous work. We, therefore, require

k=0, d> (2.8.5)

For heat conduction, the second law is satisfieavidng the coefficient of thermal

conductivity is nonnegative.
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From Equation(2.8.4.2) it would appear that thé >0 condition is satisfied ift and
are nonnegative. Whilg is nonnegative} may be negative as is evident from Stokes’
hypothesis, which presumés- —(24/3).

To determine the minimum allowed value fqrwe consider a purely dilatational motion
in which case a is a constant. In such a flow all shearing sttessis are zero. For this

flow, Equation(2.8.4.2)readily yields
q::y[z(saz)}/l(aa)zz s{;l +:—23,uja2: Q,a’ (2.8.6)

where 4 is the bulk viscosity. However any constraintioi., ork, must be independent
of the assumed flow model, since these parametersaterial properties. A necessary
condition, therefore, fo >0 is thaty, 20.

Observe from Equatio(2.8.4.2)that the shearing velocity derivatives only octuthe

M part of ® and then always in squared terms. Hence therm is the minimum when
these shearing derivatives are zero &@nds similarly minimized. This only leaves the
dilatation terms, which are dealt with in the abpegagraph. Thusy=0 and £, =20 are

the necessary and sufficient conditions fb=0. In turn, we see that the second law

simply requires
k=20 Hu=2 0 M 2 (2.8.6)

for a flow where Fourier's equation and a Newtorfiaid are utilized. When this other

terms are negligible, as is often the case in ftlyidamics, thus we have

Ds
5 =0, — =0 2.8.7
Sir Dt ( )

In summary the basic fluid dynamics equations nedaeour studies are outlined below.
(see, Batchelor,(1991)).
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2.9. General Form for:

. CONTINUITY EQUATION

0o
L +dMp=0
ot qlp

[I. LINEAR MOMENTUM EQUATION

1w =| o, L0V, ), aufay, oY, AN 2R
oxox, 0x> | 0x ox 0%,0x; 6x ox

[ll. ENERGY EQUATION

dr 9T, G- oyT = 20T+ 20
&t ot

v

where

B

IV. ENTROPY GENERATION EQUATION

1 K
s ==| d+—(OT)?
PSi T[ +T( )}
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CHAPTER

3

ENTROPY ANALYSIS FOR VARIABLE VISCOSITY REACTIVE
COUETTE FLOW

3.1. Introduction

In fluid dynamics, Couette flow refers to the laminamf of a viscous fluid in the space
between two parallel plates, one of which is moving nedato the other. This type of
flow is named in honor of Maurice Marie Alfred CouethdeProfessor of Physics at the
French university of Angers in the late 19th century [8, 60uetteflow occursin fluid
machineryinvolving moving partsandis especiallyimportant for hydrodynamic lubrication
[62]. If the surfaces are smoatind flat with constantfluid properties,the solutionis the
simple linear velocity distribution, with a dragproportionalto the relative velocity and
inverselyproportionalto the gap width [6, 8]. It is an important classical example of exact
solutions forNavier-Stokesequation.However, most fluids used in engineeringand
industrial systems like coal slurries, polymer solutions or melts, drilling mud,
hydrocarbon oils, grease, etc., athemically reactive andan be subjectedto extreme
conditions,suchas hightemperaturgpressure and shear rate during processing [34, 61]
In fact, viscous heating produced due to friction between the fluid and the
surrounding walls coupled with high shearrates and Arrhenius kineticsan lead to
high temperaturebeing generatedwithin the fluid [78]. This may have a significant
effect on the fluid properties.lt is well known that the most sensitive fluid
property to temperaturerise is the viscosity[34, 62]. For instance,the viscosity of

various lubricantsusedin engineeringsystemslike polymer solutions, mineral oils
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with polymeric additives, etc., varies with temperatureT his variation in the fluid
viscositydueto temperaturanay affect the flow characteristicas well astheefficient
operationof industrial machinery where lubrication isimportant [8, 78]. Hence,it is
necessaryo ensurethat the viscosity of suchlubricantsis at all times maintainedat
optimumlevels.

From the application point of viewhe determinationof thermalcriticality in a flow
systemis extremely important. For example, special attention must be&l go the
heating of lubricant by the frictional force andrienius kinetics since viscosity is
temperature dependenthermal criticality occurswhen the rate of heat generation
within the flow system exceedsthe heat dissipationto the surroundings[60, 61].
This condition is incipient thermal runawayor ignition in the flow system([45, 78].
A primary objective of thermal criticality analysisis the prediction of the critical
or unsafeflow conditionsin order to avoid them [58]One method of accomplishing
this is to cycle the lubricant through a cooling reserioirder to maintain the desired
viscosity of the fluid. Another way of handling the esies heat generation problem is
to use commercially available additives to decrease \tiseosity’'s temperature
dependence.

Meanwhile, thermodynamicirreversibility occurs in the flow system due to fluid
friction and heatransfer.The amountof thermodynamidrreversibility gives insight
into the lossesassociated withithe thermal systemEntropyproduction ratgrovides
information on the amount of thermodynamic irreversibility in the system.
Consequentlypredictionof entropygeneratiordueto differentflow conditionsenables
oneto determingheflow systemwith minimizedlosses. In his pioneering work, Bejan
[8, 9] reported the fundamental importance of entraeperation and minimization in
engineering systems. Thereafteonsiderableesearciworks were carried out by several
authors on the application of second law of thermodymamaiczarious aspects of fluid
flow and heat transfer problems [6, 7, 9, 10, 15, 33, 42, 43M&8kover, to the best of
our knowledge, no study has focused on the combined effetésnperature dependent
fluid viscosity and Arrhenius kinetics on thermal stapiland entropy generation and

minimisation in a flow system.
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In this study, the variable viscosity reacdive Couette flow is consideredand the
inherent irreversibility together with thermal criticality in the flow system is
investigated The plan of this chapter is as follows; in section twe describe the
theoretical analysis of the problem with respect #® floid velocity and temperature
fields. In sections three to five we introduce and applyes rudiments of perturbation
technigues coupled witHermite-Pad@pproximation proceduremd standard Newton—
Raphson shooting method along with a fourth-order Runge—kuttgration algorithm
in order to obtain the fluid velocity temperature profésswell as criticality conditions in
the system. Section six describes the volumetric entggmeration rate, irreversibility
distribution ratio and the Bejan number. The resuls presented graphically and

discussed quantitatively in section seven.

3.2. Problem Formulation

The configuration of the problem studied in this paper isctiepiin Fig. 3.2.1. The fluid is
assumed to be viscous, incompressible, reactive and flowgagdily in the X -direction
between two parallel plates of width and lengthL. The upper plate is moving with
constant velocityd while the lower plate is kept stationary. Following [42] the

temperature dependent viscosifly X and the chemical reaction kineti)(functions can
be expressed in Arrhenius type [59] as

E

I=ueR, G=QC,AerR

—H‘m

(3.2.2)
whereE is the activation energR is the universal gas consta@tjs the heat of reaction,

A is the rate constanCy is the initial concentration of the reactant spe@adip is the

fluid reference dynamic viscosity at a very large tempee (i.e. a§ — o).
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y
u=U, T=Ty y=H
= )
> -
u=0,T=Ty —> X
L

Figure 3.2.1:Schematic diagram of the problem.

Under these conditions the continuity, momentum aretggnequations governing the

problem in dimensionless form may be written as [8, 3}, 60

ou ov

—+— =0, (3.2.2)
ox oy
ou adu ap 0( oau 0 Ju ov
Re —tV— | ==+ 287 | p— |+ —| Y| —+E*— ||, 3.2.3
(u 0x Y dy} 0x 0x [,u axj oy {'L{ oy axﬂ ( )

ov ov ap 0 ov 0 ou ov
Re S tv— =428 | y— |+ e |y —+ 2 — ||, 3.24
(u ox " ayJ oy oy (,u ayJ ox {'L{ oy axﬂ ( )

2 2 T
7P ua—T+va—T = 526 12- +5_-|2'+)|e[1+m] + LD, (3.2.5)
0x ay ox° oy

where
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® = B{Zg [a”j +2¢ (GVJ (a” 52@” (3.2.6)
0x oy oy 0x

We have employed the following non-dimensional quantitidsgs.(3.2.2)- (3.2.6)

y:l’ X:i’uzi’vzl’g:ﬂ,ﬂ:ﬁe_ﬁ:r:E(T _ZTW) P_g ‘LP
eL L U U L y7A RT, MU
__E LU 2 _E
,B:RTW,Br:’uOEUZ eRTW,Pe:'OCp A= —QCAEZH e, e——'OUL
E kRT? k kRT? Lo
(3.2.7)

whereu, p,k are the dynamic viscosity, fluid density and thermanductivity
respectively,T is the fluid temperaturd,, is the plate surface temperatunds the axial
velocity, v is the normal velocityg, is the specific heat at constant pressupes the
pressure(x, y) are distances measured in stream wise and normalialireéespectively,
U is the velocity scaleRe is the Peclet numbeg is the activation energy parametBr,
is the Brinkman number) is the Frank-Kamenetski paramet®&g is the Reynolds
number. Since the channel aspect ratio is smallg&<l), the lubrication approximation
based on an asymptotic simplification of the governing equst{g.2.2)—(3.2.6)is
invoked. For Couette flow, the axial pressure gradieners Zi.edp/0x=0) and the

flow is solely driven by the uniform motion of thupper plate. Equatiorn(8.2.2)-(3.2.6)
then become,

_0f ou 2

0= ay(”ay}ro(g ), (3.2.8)
_op 2
__ay+O(£ ), (3.2.9)
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O:a—z+,uBr o +)le(1+m] +0(£?). (3.2.10)
oy oy

T
whereu =e ®#1) The appropriate boundary conditions in dimensgsiterm are given

as follows:
u=0,T=0 (for alower fixed impermeable plate) at y=0, (3.2.11)

u=1, T=0, (the upper plate is subjected to a uniforntiom) at y=1, (3.2.12)

Egs. (3.2.8)— (3.2.103ubject to the boundary conditions can be easiglined to give

T 2. T
%zme(“ﬁ”, d—T+;e<1+ﬂ” =0, (3.2.13)
dy dy’

where y =m’Br + A andm is a constant to be determined. In the followiagt®ns,Eq.

(3.2.13)is solvedboth analyticallyusing a perturbation method and numerically usiag t
standard Newton—Raphson shooting method along wittourth-order Runge—Kutta
integration algorithm [63].

3.3. Perturbation Approach

Due to the nonlinear nature of the velocity andgerature field equations {3.2.13) it

is convenient to form a power series expansion lwothe parametey i.e.,
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Substituting the solution series iBq. (3.3.1) into Eq. (3.2.13) and collecting the

coefficients of like powers of we obtained the followings:

Order zero ())

To 2
dUO — rm(l+ﬂ]—o) d TO —

dy Cody

01

with up (0)=0,To (0) =0, up (1)=1,To (1) =0,

Order one (/)

To 2 To
du, _  mT, wpy AN +el) =

dy (L+fT,)° Y ’

with u; (0)=0,T1(0) =0, u; (1)=0,T1 (1) =0,

Order two ()

To

du, me 7™ 2 2 92 2 2 92
== @I B+2T,1°B° =T =21, 41,1, - 2T, T, B°),

dy 20+ pT,)’

To

CIZT2 + Tl e(]_+,5|'0) -0
dy’  @+p1,)°

Entropy Analysis of a Reactive variable Viscosity Channel Flow Kobo N.S



46
with u, (0)=0,T2(0) =0, u2 (1)=0,T> (1) =0,

and so on. The above equations for the coefficientsaddition series are solved

iteratively for the velocity and temperature fields arobtain;

T(y) :—%y(y— 1) y+ iy(y— DGy -1y

+ (v — 1) (12By* —8y* —24B,° + 16)° + 6 B2

1
1440 ~

2 _ 3 *
+32 =9y +6yB—9-+6B)Y +0(y") (3.3.2)

u(y) =y — %y(Zy— 1) (y — l)v—ﬁy@y— 1) (v

— 1) (332 =3y =1 (2+3B) Y — zuma ¥ Cr — D

— 1) (=756 B y* + 540 B y* + 204,* — 10801° B* — 408,73
+ 1512817 + 6312 — 378 B2 + 3782 B7 + 141y + 162y B°
— 378y B + 54PB° + 47— 126B) v + o(y*)

(3.3.3)

It is noteworthythat in the limit of y -0, the fluid velocity profile obtainedin Eq.

(3.3.3)reducesto u(y) = y which correspondgo the classicallinear velocity profile for

Couetteflow with constantfluid viscosity. Using a computersymbolic algebrapackage
(MAPLE) [63], the first few termsof the abovesolutionseriesin Egs. (3.3.2) - (3.3.3)
are obtained.We are awarethat these powerseriessolutionsare valid for very small
parametervalues. However, using Hermite-Padé approximatiortechnique, we have
extended the usability of the solution series beyond small parameteraluesas

illustratedin the following section.
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3.4. Hermite-Padé Approximation Technique

From the application point of view, it is extremely imamt to determine the appearance
of criticality or non-existence of steady-state Solutfor certain parameter values. In

order to achieve this, we first derived a special typdesfite-Padé approximant. Let
N
Uy =D ay"+o(""), asy - 0, (3.4.1)
n=0

be a given partial sum. It is important to note here #amt (3.4.1) can be used to
approximate any output of the solution of the problem undezstigation (e.g. the series
for the wall heat flux parameter in terms of NusselmberNu = - dT/dy aty = 1), since
everything can be Taylor expanded in the given small parametsumel()) is a local
representation of an algebraic functionyoin the context of nonlinear problems, we seek

an expression of the form

d m
FRyU) = 3 xf  Jmkuk, (3.4.2)
m=1k=0

of degreed = 2, such that

‘ZZﬂ 00)=1andF,(y,U,)=00""), as y- O (3.4.3)

The requiremen(3.4.3) reduces the problem to a systemNofinear equations for the

unknown coefficients ofr, . The entries of the underlying matrix depend only onNhe
given coefficientsa, and we shall takd = (d* +3d - 2)/ 2, so that the number of

equations equals the number of unknowns. The polynofjalis a special type of

Hermite-Padé approximant and is then investigated for bifarcaand criticality

conditions using Newton diagram, Vainberg and Trenogin [77].
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3.4. Numerical Approach

The numerical technique chosen for the solution otcthepled ordinary differentictq.
(3.2.13) is the standard Newton—Raphson shooting method along with ahfouder
Runge—Kutta integration algorithnkq. (3.2.13)is transformed into a system of first

order differential equations as follows. luet x,, T =Xx,, T'=X;, where the prime

symbol represent derivatives with respecy.t®hen, the problem becomes,

X2 X2

xi = me®+P) , X'2 =X, X; = _ye(l"ﬁxz) , (3.5.1)

subject to the following initial conditions,

X (0)=0,x,(0)=0,%0) =s,. (3.5.2)

The unspecified initial conditiof; and the undetermined constamt are guessed
systematically andeq. (3.5.1)is then integrated numerically as initial valueldem to
the given terminal point &y =1. For each set of parameter values ffoandy, the
procedure is repeated until conditions atyhel (i.e. x, (1) = 1, X, (@) = 0) are satisfied

and the desired degree of accuracy (namely @6the results obtained is achieved.

3.4. Entropy Analysis

Flow and heat transfer processes between two ehpddites are irreversible. The non-
equilibrium conditions arise due to the exchangesrérgy and momentum within the
fluid and at solid boundaries, thus resulting inrepy generation. Apart of the entropy
production is due to the heat transfer in the ¢imecof finite temperature gradients and

Entropy Analysis of a Reactive variable Viscosity Channel Flow Kobo N.S



49

the other part of entropy production arises due to thd fligtion. The general equation
for the entropy generation per unit volume is given by [9480 60],

m — k T ,U
s —_I_—(DT) =7 (3.6.1)

The first term in equatio(B.6.1)is the irreversibility due to heat transfer and $skeond
term is the entropy generation due to viscous dissipatismg equation(3.6.1) we
express the entropy generation number in dimensionlessa®r

22cm 2 2
Ns =1 EZ ? S(OT) L HBrIOUY o6y, (3.6.2)
kRT, oy £ oy

In equation(3.6.2) the first term can be assigned Msand the second term due to

viscous dissipation as, i.e.

le[a—Tj N, :%[@j . (3.6.3)

In order to have an idea whether fluid friction doates over heat transfer irreversibility
or vice-versa, Bejan [4] defined the irreversiildistribution ratio asb = No/N;. Heat
transfer dominates for & ® < 1 and fluid friction dominates whe# > 1. The
contribution of both heat transfer and fluid fraotito entropy generation are equal when
® = 1. In many engineering designs and energy ogditicin problems, the contribution
of heat transfer entropiN; to overall entropy generation raids is needed. As an
alternative to irreversibility parameter, the Befarmber Be) is define mathematically as
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Bezm: 1 .
Ne 1+d

(3.6.4)

n

Clearly, the Bejan number ranges from 0 t®&d.= 0 is the limit where the irreversibility
is dominated by fluid friction effects ariBle = 1 corresponds to the limit where the
irreversibility due to heat transfer by virtue of fintesmperature differences dominates.
The contribution of both heat transfer and fluidtfdo to entropy generation are equal
whenBe = 1/2.

3.7. Results and Discussion

We emphasis here that an increase in the parameterofgfliadicates an increase in the
fluid viscosity and a decrease in the fluid activationrgpewnhile an increase in the
parameter value of signifies an increase in the reactive flow Arrhenius tiaseTable
(3.7.1) below demonstrates agreement between the resulinedtusing perturbation
technique and purely fourth-order Runge—Kutta numerical integrapproach coupled
with shooting method at small and moderate parametersvaenerally, the difference
is of order 10.
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Table 3.7.1 Comparison between analytical and numerical refilts0.1,y = 0.5)

y T(y) Perturbatiorn T(y) Numerical Toumer. — Tpertuns
Results Results

0 0 0

0.1 | 0.02360044943 0.02360039520 5.423%10
0.2 | 0.04208380022 0.04208374384 5.638%10
0.3 | 0.05535532038 0.05535525228 6.810%10
0.4 | 0.06334613033 0.06334604947 8.086%10
0.5 | 0.06601440811 0.06601432697 8.114%10
0.6 | 0.06334613023 0.06334604947 8.076%10
0.7 | 0.05535532037 0.05535525228 6.809%10
0.8 | 0.04208380020 0.04208374384 5.636%10
0.9 | 0.02360044944 0.02360039520 5.424%10
1.0 |0 0 0
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The Hermite-Padé approximation procedureewction (3.1.4)above was applied to the
first few terms of the solution seriesgaction (3.2)and we obtained the results as shown
in tables (3.7.2)and(3.7.3)below:
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Table 3.7.2:Computations showing the criticality procedure rapid convergé = 0.1).

N Nu VN
5.085454867149P 3.95287669953479
5.084983124973p 3.9528312115307

13 5.084983181580|7 3.9528312148390

7
7

19 5.084983181566¢4 3.9528312148383
26 5.084983181566¢4 3.9528312148383

ol o A w| M O

Table 3.7.3:Computations showing thermal criticality for differguarameter values

g |0 0.1 0.15 0.2

N | 4.0000000000000 5.084983181564 6.021573173893 7.71781563819214
u 4 4 1

——

¥ | 3.513830719125] 3.952831214834 4.250603826464 4.6479180091289%
6 3 7 0

The results irtable (3.7.2)reveal the rapid convergence of Hermite-Padé approximation
procedure with gradual increase in the number of serieSiciemrts utilized in the
approximants. Irtable (3.7.3) it is noteworthy that the magnitude of thermal critigali
()) increases with an increase in the reactive flotwation energy parameter (i.p.>>

0). This invariably will lead to a delay in the developmefithermal runaway in the flow
system and enhance flow thermal stability.
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The velocity profiles are reported for increasing valueg afid S in Figs. 3.7.2 - 3.7.3.
The fluid velocity is zero at the lower stationafgtp and increases gradually towards the
upper moving upper platé&or y =0, the fluid shows the standard Couettelinear
velocity profile with maximum velocity at the moving upper plate. As the
parametervalue of y > 0 increasesthe Arrhenius kinetic increasesausingthe
velocity profile to increasenonlinearly acrossthe channelto a maximum at y =1.
Furthermore,for increasingvalue of 3, an inflexion point appearsin the velocity

profile aroundthe centreof the channelasshownin Fig. 3.7.3.

+ ++ +
T e,

_ ==Lk l=X=T=T=N
DDDDDD D-DDDDD
o= o,
(=1
(=]

0.2 — T Py

D T T T T -
[} 0.2 0. 0.& o= 1.0

F
Fig.3.7.4. Temperature profile8 = 0.3; y =1;0000Q/=2; ++++y=4; ...... y=
5.
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ey =T= =
(=T o

Fig.3.7.5.Temperature profiley=5; £=0.3; 000g3= 0.5; ++++=0.7; ...5=1.

Typical variations of the fluid temperature profil@sthe normal direction are shown in
Figs. 3.7.4-3.7.5The fluid temperature increases with increasing vadiiesThis can be
attributed to an increase in heat generation withinlthé éue to exothermic reaction as
illustrated inFig. 3.7.4 A decrease in the fluid temperature is observed when th
parameter value @f increases, in this case, the fluid activation enesggduced and its
viscosity has increased. Meanwhile, minimum temperatugenerally observed at both
the lower and the upper plate surfaces while the maxireamérature occurs around the

core region of the channel.
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Nu
15.64

10.0+ \L

5.0+

A=3.9528312148

0 40 y 80

Fig. 3.7. 6.A slice of approximate bifurcation diagram in tye Nu (3 = 0.1)) plane

A slice of the bifurcationdiagramfor 0<p << 1 in the (y, Nu) planeis shownin

Fig.3.7.6 It representshe qualitative changen the flow systemasthe parameter(y)

increasesln particular,for 0<p <<1 thereis a critical value )& (a turning point)

suchthat, for 0 <y < p there are two solutions(labelledl andll). Theupperand

lower solutionbranchesoccurdueto the temperaturelependentariableviscosity and
Arrhenius kineticdn the governing thermal boundary layer equdiam 3.2.13) Wheny > \¢

the systemhas no real solution and displays a classical form indicating thermal
runaway. As temperaturancreaseghe fluid viscosity decreasexponentially. The

velocity gradient specifiedy Eqg. (3.2.13) increasesexponentiallywith temperature
coupled with increasing Arrhenius kineti@nd feeds back into the temperature
equation, leadingo thermalrunaway
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Fig. 3.7.7.Entropy generation ratg=2; £=0.5; 0000Q3= 0.6; ++++£5=0.7; ....[0
=0.8
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Figs. 3.7.7-3.7.&isplay results for the entropy generation versus the channel
width for various parametric values. Generally,entropy generationrate is
maximum at the plate surfaces and minimum aroune tbre region of
the channel.lt is interesting to note that the entropy generatiate decreases with

increasing valu@ and increases with increasing valug/of

Fig. 3.7.9.Bejan numbery=2; £=0.1; 0000Q3= 0.3; ++++£5=0.5; ..... £=0.8
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Figs. 3.7.9-3.7.1@isplay the BejanBe) number versus the channel width. It is observed
that the fluid friction irreversibility dominates atetlthannel core region while the heat
transfer irreversibility dominates at the both lower ampper plate surfaces. The
dominant effect of heat transfer irreversibility at thkate increases with increasing

values off andy.
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CHAPTER

A

ENTROPY ANALYSIS FOR A VARIABLE VISCOSITY REACTIVE
POISEUILLE FLOW

4.1. Introduction

The phenomenon of the flow and heat transfer in anredlahas been analyzed by a
number of authors [34, 60, 62] due to its important applioatia the fields related to
thermal power plants, heat exchangers, electronic ingpotievices, fluidization,
combustion, petroleum industry, physiological flow eyst polymer technology, etc.
However, most fluids used in engineering and industrialesys can be subjected to
extreme conditions, such as high temperature, pressdrehear rate. External heating
and high shear rates can lead to high temperature beingatgehevithin the fluid. This
may have a significant effect on the fluid propertigsisiwell known that the most
sensitive fluid property to temperature rise is the \8g&gd52, 53]. For example, when
the temperature increases fronf@@z = 0.0131g/cm s) to 5C (7= 0.00548 g/cm s),

the viscosity of water decreases by 240% [34, 60].

Meanwhile the inclusion of entropy generation w@alions in computational fluid
dynamics problems allows the evaluation of local etrayeneration in more
complicated thermal phenomena. One theoreticallyecormeasure of thermodynamic
performance is the magnitude of thermodynamic irrebditgis associated with a
component or process. It can be shown that the miatrmiz of entropy generation also
results in the maximum reduction of irreversibility. ThHevelopment of improved

thermal designs is enhanced by the ability to identiéardy the source and location of
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entropy generation. Many studies have been published tosas$isessources of
irreversibility in components and systems. Bejan [9] studiee entropy generation for
forced convective heat transfer due to temperature graahentiscosity effect in a fluid.
Bejan [10] also presented various reasons behind entrogyagem in applied thermal
engineering where the generation of entropy destroyavagable work, called exergy,
of a system. Entropy generation in a vertical con@ensothermal channel with
temperature dependent viscosity is presented by Tasnim anduddBB]. The inherent
irreversibility for a gravity driven non-Newtonian Ostdrale Waele power law liquid
flm along an inclined isothermal plate is discussed inkiNde [42]. The
thermodynamics second law characteristics for thedwaign of radial fin geometry by
convection are discussed by Taufiq et al. [67]. OtheliGaimns of second law analysis
for some steady flow devices can be found in referel33e$6].

Considering the importance of variable viscositg @rrhenius kinetic effects on
entropy generation rate, the problem of inherent irrdwtg in the flow of a reactive
variable viscosity fluid through a channel with paralldht@s that is subjected to
Arrhenius Kkinetic is studied. The nonlinear governing equatiares solved both
analytically and numerically using perturbation techniqud tre standard Newton—
Raphson shooting method along with a fourth-order Runge—kutttgration algorithm
in order to obtain the fluid velocity and temperature pesfi The volumetric entropy
generation rate, irreversibility distribution ratio ame Bejan number are also obtained.
The results are presented graphically and discussed queslytatvith appropriate

physical explanations.

4.2. Problem Formulation

The configuration of the problem studied in this chapter Ectied inFig. 4.2.1The
fluid is assumed to be viscous, incompressible, reaetnkeflowing steadily in thex -
direction under the action of a constant pressure gratheough a channel with parallel
plates of width i and lengthL. Following [2, 60] the temperature dependent viscosity

(&) and the chemical reaction kineti@)(functions can be expressed in Arrhenius type

[34, 60, 62] as
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E

=ueR, G=QC,AerR

—H‘ m

(4.2.1)

whereE is the activation energR is the universal gas consta@tjs the heat of reaction,

A is the rate constanCy is the initial concentration of the reactant spe@adip is the

fluid reference dynamic viscosity at a very large tempee (i.e. a§ - o).

u=0, y| T=T,
. y=H
> ugy)
> ] y=-H
u=0, T=T, — > X
L

Fig. 4.2.1:Schematic diagram of the problem

Under these conditions the continuity, momentum anedrgy equations governing the

problem in dimensionless form may be written as {84 43, 60];

@+ﬂ20, (4.2.2)
ox oy
ou adu ap 0( oau 0 ou ov
Re |U—+v— |=—-——+2e>—| p— |+— |y —+&*— ||, 4.2.3
(u 0x Y dy} 0x 0x [,u axj ay {'L{ oy axﬂ ( )

ov ov ap 0 ov 0 ou ov
Re S tv— =428 | y— |+ e |y —+ 2 — ||, 4.2.4
(u ox " ayJ oy oy (,u ayJ ox {'L{ oy axﬂ ( )
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2 2 T
£°P ua—T+va—T = 526 12- +a—-|2-+)le[“m] + ud, (4.2.5)
0x ay ox° oy
where
2 2 2
® =Br ZSZ[G—UJ +2¢° LA %hszﬁ : (4.2.6)
0x oy oy 0x

We have employed the following non-dimensional quantiidsys. (4.2.2)-(4.2.6):

y X a Y 7 E(T-T
y:l’xzé’uzi’vzl,‘gzi,’uzﬂe RTW,T:(—ZW),

L L U &U L Uy RT.

2 RT EU? - LU
p=fLP p-Rlu g  HEU" Ja, po A= (4.2.7)

MU E kRT, k
_QCOAEHZe—R% o ML _ BIGKRTY o

kRT? ’ U, ~ QC,AEH? ’

whereu, p,k are the dynamic viscosity, fluid density and thdrn@nductivity
respectively,T is the fluid temperaturd,, is the plate surface temperatunds the axial
velocity, v is the normal velocityg, is the specific heat at constant pressupes the
pressure(x, y) are distances measured in streamwise and norreatidn respectively,)

is the velocity scaleRe is the Peclet numbef is the activation energy parametBr,is
the Brinkman number) is the Frank-Kamenetski paramet@e, is the Reynolds number.
Since the channel aspect ratio is small (©<<1), the lubrication approximation based
on an asymptotic simplification of the governingiations(4.2.2)—(4.2.6)s invoked. For

Poiseuille flow, the axial pressure gradient isstant (i.e.—dp/dx =G) and the flow is

solely driven by the constant axial pressure gradiggs. (4.2.2)-(4.2.6)hen become,

Cea 0, 0u), o
o_G+ay(,Jayj+ ole?), (4.2.8)
=P, ofe?), (4.2.9)

ay
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0=T 4 pr| +;|e[l+m] +0(£?). (4.2.10)
ay oy

T
where y=e @1 The appropriate boundary conditions in dimeris®es form are

given as follows: the channel surface is fixed empermeable:
u=0,T=0 at y=1, (4.2.11)

and the symmetry condition along the centerline i.e

%:d_-r:o’ aty:O_ (4212)
dy dy

Eqgs.(4.2.8)—(4.2.103ubject to the boundary conditions can be easitybioed to give

du _ g OT )
& = veem, V+ AL+ ) A0 =, (4.2.13)
y

where y is the viscous dissipation parameter. In the Yol sectionsEq. (4.2.13)is
solved analytically and numerically using perturdmat technigue and the standard
Newton—-Raphson shooting method along with a foartler Runge—Kutta integration
algorithm [, 14].

4.1.1. Perturbation Approach

Due to the nonlinear nature of the velocity andgerature field equations (4.2.13) it

is convenient to form a power series expansion othe parametex i.e.

i=0 i=0
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Substituting the solution series q. (4.3.1) into Eq. (4.2.13) and collecting the

coefficients of like powers of, we obtained the followings:

Order zero (A%

To
o __Gyetmm T -0,
dy dy’
with
du dT,
U (1)=0,To(1)=0,—2(0)=—2() =0,
dy dy
Order one (1Y)
To 2 To
du, —_ yGT, _ @A) d'm +(L+py2)e =0,
dy  @+pT) dy”

with

b ()= 0,T: (1) = 0, %(0) =%(0) =0

Order two (A%

To
du Ge*ATo)
dy2 - 2321+,5T )4 (2T12:3+ ZTOTlZﬁZ _T12 = 2T, 4T, T,B - ZTZTOZIBZ) .
0

To

O, , G wm _g
dy*  @+pT)°

with
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L =22 g =0,

u (1) =0,T2(2) =0, dy dy

and so on. The above equations for the coeffici@itsolution series are solved

iteratively for the velocity and temperature fiellsd we obtain;

1 1
7(») ==45 2 (> = 1) (¥27 + 6 +7) + 75555 » 07

— 1) (159> + 196 y»* + 15y »* — 55,2 y° + 42032
_ 2 _ _ _ 2 1 3.2
224vy3% — 644y — 2100 — 55v°) + 5579300 & (7 —1) (

—1302840— 581130y + 10010B y> v — 1346408 v+

+ 525019 By — 1950° By® + 38252 By° + 752410 v7

— 4791632y — 3757 »% + 21007 »* + 525B 7 18

— 1950B v y* + 32120B 1% ¥ — 92466Y7° + 153450y )°

— 55440y% — 375y »'1° — 5325y + 38253 > + 83160B »*
— 332640B 12 + 419760B vy + 66770B Yy~ — 37180B v~ v*

+ 59400B »° v + 3960 B 2 v — 40590,° v — 73267 »°

+ 398647 y* — 54450v3% + 360360)2 — 4840B 1° v

+ 914760B + 2100y 1® — 5325v° 12) + o(a?)

(4.3.2)
1 2 1 2 2 2
u() == 6 =1) + 26 (= 1) (v)” +9+27)
1 2 2 2 _ 6 2 6 2 4
+ oo M 6 (P = 1) (-153°v" +21B3°y” + 315Byy
— 2319y — 30y y* + 2By " + 1260817 + 25,2y
— 4292 + 210B >y — 7B 2y — 8403° + 2100+ 80"
2 3
— 525By — 56 + 777y — 1260B) + O(x
By By Y B) (2%) (4.3.3)

It is noteworthythat in the limit of A -0, the fluid velocity profile obtainedin Eq.

(4.3.3)reduceso u(y) = G (1-y?)/2 which correspondso the classicalparabolicvelocity

profile for plane-Poiseuilleflow with constant fluid viscosity. Using a computer
symbolic algebrapackage(MAPLE) [63], the first few terms of the above solution
seriesin EQgs. (4.3.2) - (4.3.3)are obtained. We are aware that these powerseries
solutions are valid for very small parametervalues. However, using Hermite-Padé
approximation technique, we have extended the usability of the solution series

beyond small parametevaluesasillustratedin the following section.
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4.4. Hermite-Padé Approximation Technique

From the application point of view, it is extremely imfamt to determine the appearance
of criticality or non-existence of steady-state Solutfor certain parameter values. In

order to achieve this, we first derived a special typdeyfite-Padé approximant. Let

Up ()= a " + 0™, asi- 0, (4.4.1)

n=0

be a given partial sum. It is important to note here &gt (4.4.1) can be used to
approximate any output of the solution of the problem undezstigation (e.g. the series
for the wall heat flux parameter in terms of NusselmberNu = - dT/dy aty = 1), since
everything can be Taylor expanded in the given small paesnfssumeJ (A1) is a local
representation of an algebraic functionyom the context of nonlinear problems, we seek

an expression of the form

d m
FR(yU)= ¥ X fm_k'k/lm_kuk, (4.4.2)
m=1k=0

of degreed = 2, such that

s (00)=1an0F,(1U,)=0U"),  as A= 0, (4.4.3)

The requiremen(4.4.3) reduces the problem to a systemNbfinear equations for the

unknown coefficients df, . The entries of the underlying matrix depend only onNhe
given coefficientsa, and we shall tak® = (d* +3d - 2)/ 2, so that the number of

equations equals the number of unknowns. The polynoffjalis a special type of

Hermite-Padé approximant and is then investigated for bifarcaand criticality
conditions using Newton diagram, Vainberg and Trenogin [16].
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4.5. Numerical Approach

The numerical technique chosen for the solution of thpled ordinary differentigkq.
(4.2.13) is the standard Newton—Raphson shooting method along with ahfouder
Runge—Kutta integration algorithniqg. (4.2.13)is transformed into a system of first

order differential equations as follows. luet x,, T =Xx,, T'=X;, where the prime

symbol represent derivatives with respecy.t®hen, the problem becomes,

Xy X2

X = =yGe™ ), %, =X, Xy = AL+ py*)e™ P, (4.5.1)

subject to the following initial conditions,

%,(0)=5,%(0) =5,,%(0) =0. (4.5.2)

The unspecified initial conditiors ands, are guessed systematically &gl (4.5.1)are

then integrated numerically as initial value problantil the given boundary conditions
aty =1 are satisfied. For each set of parameter vdtuds S, G and y; the procedure is
repeated until conditions at the= 1 (i.e. x, ) = 0 x,(@) =0) are satisfied and the

desired degree of accuracy (namely/)16f the results obtained is achieved.

4.6. Entropy Analysis

Flow and heat transfer processes between twolg@aptdtes are irreversible. The non-
equilibrium conditions arise due to the exchangesrérgy and momentum within the
fluid and at solid boundaries, thus resulting inrepy generation. Apart of the entropy
production is due to the heat transfer in the ¢imecof finite temperature gradients and
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the other part of entropy production arises due to thd fligtion. The general equation
for the entropy generation per unit volume is given by [9420 47],

U
T, ( )

The first term in equatio(®.4.3)is the irreversibility due to heat transfer and $skeond
term is the entropy generation due to viscous dissipatismg equation(4.6.1) we
express the entropy generation number in dimensionlessa®r

22am 2 2
Ns = H Ez ? = a_T +ﬂ @ +0(e?), (4.6.2)
kRT, oy £ oy

In equation(4.6.2) the first term can be assigned Msand the second term due to

viscous dissipation as, i.e.
T’ o)
le[—j , NZ:%[—UJ . (4.6.3)

In order to have an idea whether fluid friction doates over heat transfer irreversibility
or vice-versa, Bejan [1, 2] defined the irreveigipdistribution ratio asb = N,/N;. Heat
transfer dominates for & ® < 1 and fluid friction dominates whe# > 1. The
contribution of both heat transfer and fluid frastito entropy generation are equal when
® = 1. In many engineering designs and energy ogditiein problems, the contribution
of heat transfer entropid; to overall entropy generation raids is needed. As an
alternative to irreversibility parameter, the Befarmber Be) is define mathematically as
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Lo 1

Be= . (4.6.4)
Ns 1+®

n

Clearly, the Bejan number ranges from 0 t®&d.= 0 is the limit where the irreversibility
is dominated by fluid friction effects ariBle = 1 corresponds to the limit where the
irreversibility due to heat transfer by virtue of fintesmperature differences dominates.
The contribution of both heat transfer and fluidtfdo to entropy generation are equal
whenBe = 1/2.

4.7. Results and Discussion

In this section, we validate the above theoreticalilte using physically realistic values
of various embedded parameters in the numerical experithéimportant to note that
increasing parameter value gindicates an increase in the fluid viscosity and aedese

in the fluid activation energy. Also the reactive wloArrhenius kinetics increases
whenever the parameter valuehoincreases. A comparison between the results obtained
using perturbation technique and purely fourth-order Runge—Kutteemcal integration
coupled with shooting method at small and moderate paramelees are shown in
Table 4.7.1.Generally, the difference is of order®nd a perfect agreement is noticed.
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Table 4.7.1:Comparison between analytical and numerical regBilts@.1,A=0.1,y =1)

y T(y) Perturbatior] T(y) Numerical Tumer. — Tpertuns
Results Results

0 | 0.0613101824 0.0613102561 7.37%10
0.1 | 0.0607779277 0.0607779882 6.05%10
0.2 | 0.0591711058 0.0591711735 6.77%10
0.3 | 0.0564596206 0.0564596904 6.98%10
0.4 | 0.0525935701 0.0525936349 6.48%10
0.5 | 0.0475036426 0.0475037015 5.89%10
0.6 | 0.0411016883 0.0411017440 5.57%10
0.7 | 0.0332814815 0.0332815254 4.39%10
0.8 | 0.0239196931 0.0239197333 4.02%10
0.9 | 0.0128770923 0.0128771399 4.76%10
100 0 0

In order to obtain the thermal stability criterion metflow system, the Hermite-Padé

approximation procedure section (4.4)above was applied to the first few terms of the

solution series isection (4.2)and we obtained the results as showtables (4.7.2)and
(4.7.3)below:

Table 4.7. 2:Computations showing the criticality procedure rapid convegf = 0,y

=1).
d N Nu AN
2 4 2.150123257 0.7583073286
3 8 2.250048451 0.7697232875
4 13 2.250005672 0.7697210224
5 19 2.250005680 0.7697210227
6 26 2.250005680 0.7697210227
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Table 4.7.3:Computations showing thermal criticality for differguarameter values

B y Nu Ac

0 1.0 2.25000568 0.7697210242
0.1 1.0 2.85858464 0.86686845
0.2 1.0 4.34187920 1.0212467(
0.1 0.5 2.70916381 0.92391437
0.1 0.3 2.64469729 0.94869368
0.1 0.1 2.57732112 0.97470948

The results in tabléd.7.2)reveal the rapid convergence of Hermite-Padé approximatio
procedure with gradual increase in the number of serieSiciemrts utilized in the
approximants. Iable (4.7.3) it is noteworthy that the magnitude of thermal crittgali
(A¢) increases with a decrease in the reactive flowatabin energy and an increase in the
fluid viscosity (i.e.3 > 0). This invariably will lead to a delay in the develominef
thermal runaway in the flow system and enhance floavntlal stability. An increase in
the viscous heating (i..> 0) causes a decrease in the magnitude of thermahttytic

parameter, leading to early development of thermal @mnin the system.
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The velocity profiles are reported for increasing valoég, yand £ in Figs. (4.7.1-
4.7.3) The fluid velocity is zero at the walls and increagexlually towards the channel
centreline.For A =0, the fluid shows the standard Poiseuilleparabolic velocity
profile with maximum velocity along the channel centrelinds the parameter
value of A > 0 increases,the Arrhenius kinetic increasescausingthe fluid
velocity in the channel core regido furtherincrease as shown fig. 4.7.1 Similar
trend is observed ifFig. 4.7.2 The velocity profile increases with increase Ine t
Brinkman numbeBr due to viscous heating. Moreover,Fig. 4.7.3the fluid velocity

in the channel core region decreases as the \@&lygincreases due to a decrease

in the fluid activation energy and an increasehe fluid viscosity.
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Typical variations of the fluid temperature profil@sthe normal direction are shown in
Figs. (4.7.4 - 4.7.6)An increase in the parameter valuesiadnd Br causes a further
increase in the fluid temperature. This can be attributexhtincrease in heat generation
within the fluid due to combine action of exothermic teat and viscous heating as
illustrated inFigs. (4.7.4 - 4.7.5)A decrease in the fluid temperature is observed when
the parameter value @gfincreases, in this case, the fluid activation ene&sggduced and

its viscosity has increasdgrig. 4.7.6) Meanwhile, minimum temperature is generally
observed at the channel walls while the maximum terperabccurs around the core
region of the channel.
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Fig. 4.7.7.A slice of approximate bifurcation diagram in the, Nu( = 0.2,y= 1)) plane

A slice of the bifurcationdiagramfor 0< 3 << 1 in the (A, Nu) planeis shownin Fig.
4.7.7. It representghe qualitative changen the flow systemas the parameter(A)
increasesln particular,for 0O<f3 <<1 andy >0 thereis a critical value A¢c (a turning

point) such that, for 0 <A < A. there are two solutions(labelled | and Il). The
upper and lower solution branchesoccur due to the nonlinearity in thetemperature
dependenvariableviscosity and Arrhenius kinetica the governing thermal boundary layer
Eq. (4.2.13) When A > Ac the systemhas no real solution and displays a classical
form indicating thermal runaway. As temperaturancreasesthe fluid viscosity
decreasesxponential and the exothermic reaction due to émnhs kinetics increases.
The velocity gradient specifiedby Eq. ( 4.2.13, increasesexponentially with
temperature coupled with increasing Arrhenius kasetand feeds back into the

temperatureequation, leadingo thermalrunaway[33, 52, 60].
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Figs. (4.7.8 - 4.7.10)isplay resultsfor the entropy generationversus the channel
half width for various parametric values. Generallyentropy generationrate is
maximum at the channel walls and minimum at theecoegion of the
channel. It is interesting to note that the entropy generatrate decreases with
increasing valu@ and increases with increasing value\and Br. Hence, an increase in
the both Arrhenius kinetics and viscous heatinthenflow system may lead to a decrease
in thethermodynamic performance of the system.
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Figs. (4.1.7.11 - 4.1.7.12)isplay the BejanBe) number versus the channel half width. It
is observed that the fluid friction irreversibility dorates at the channel core region

while the heat transfer irreversibility dominates atwals. The dominant effect of heat

transfer irreversibility in the flow system increaseith increasing values @¢f andA.

Entropy Analysis of a Reactive variable Viscosity Channel Flow Kobo N.S



82

CHAPTER

CONCLUDING REMARKS

In this thesis, we investigate the heat transfer and@tgeneration rate in a reactive
variable viscosity channel flow. The evaluation oé t@ntropy production rates for
variable viscosity reactive Couette flow was carried asing both analytical and
numerical techniques ilChapter 3. Solutions are obtained for fluid velocity and
temperature profiles. Using a special type of Hermite-Ra@éoximation technique, we
obtain accurately the thermal criticality conditioasd the solution branches. The
volumetric entropy generation rate and the Bejan nundegend on fluid viscosity
variation and activation energy parametgy &nd heat generation parametgr. Our

results reveal that for all parametric values, fluidtion irreversibility dominates at the
channel core region while at both lower fixed and upper moviatg @urfaces the heat

transfer irreversibility dominates.

In chapter 4, the evaluation of the entropy production rates foiabée viscosity reactive
Poiseulle flow was carried out using both analytical anmerical techniques. Solutions
are obtained for fluid velocity and temperature prefildsing a special type of Hermite-
Padé approximation technique, we obtain accurately the éheriticality conditions and
the solution branches. The volumetric entropy geieratate and the Bejan number
depend on fluid viscosity variation and activation enemprameter £, Frank-

Kamenetskii parameted) and the Brinkman number (Br). Our results reved finaall
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parametric values, fluid friction irreversibility domtes at the channel core region while

at walls the heat transfer irreversibility dominates.
Finally, for both Couette and Poiseuille flow modelsxsidered, the thermodynamic

performance of the flow systems can be enhanced by afgisdpchoosing the values of

the embedded parameters controlling the flow systems

5.2 FURTHER WORK

These problems have been looked at as 1 dimensional mxlde future work one can

look at them as two dimensional problems.
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